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We propose a model for the evolution of the conductivity tensor for a flowing suspension of
electrically conductive particles. We use discrete particle numerical simulations together with a
continuum physical framework to construct an evolution law for the suspension microsutructure
during flow. This model is then coupled with a relationship between the microstructure and the
electrical conductivity tensor. The parameters of the joint model are fit experimentally using rheo-
electrical conductivity measurements of carbon black suspensions under flow over a range of shear
rates. The model is applied to the case of steady shearing as well as time-varying conductivity of
unsteady flow experiments. We find that the model prediction agrees closely with the measured
experimental data in all cases.
Introduction: Microstructural anisotropy has been an ac-
tive area of research for decades. It plays a critical role in
biomechanics [1, 2], plasticity [3], granular materials [4–
10], liquid crystals [11], and more. Some materials, such
as elastic composites, have fixed anisotropy that does not
evolve over time. However, other materials may develop
anisotropy due to deformation, e.g. kinematic hardening
of solids [3], or due to an externally-applied field, such as
an electric field, as is typical of liquid crystals [11].
Of particular interest in this study is the flow-induced
anisotropy of colloidal suspensions [12–22]. Suspensions
of carbon black, an electrically-conductive form of car-
bon, have recently found application in a class of semi-
solid batteries called “flow batteries” [23, 24]. At con-
centrations above the percolation threshold, the carbon
black creates an electrically conductive network inside
the flowing electrolytes of the battery, allowing for higher
reaction rates and overall system efficiency. However,
it has been experimentally demonstrated that the net-
works in these carbon suspensions are highly sensitive
to shearing [25–28]. In these studies, the conductivity
of the carbon network drops precipitously with shear
and recovers dynamically when brought to rest. This
has serious implications for battery performance if the
evolution of network structure and conductivity are not
properly considered during design. Recent studies [29]
on optimizing the efficiency of a flow battery have ne-
glected the effect of a shear-induced drop in suspension
conductivity. In addition to the drop in conductivity, it
has been observed that the suspension microstructure be-
comes anisotropic during shearing flow, which can lead
to anisotropic conductivity [30–32]. In this study, we
use discrete-particle simulations and continuum physi-
cal arguments to derive a general constitutive law for
the flow-induced evolution of a tensor-valued measure of
suspension network anisotropy. We couple this with a
nonlinear structure-conductivity relation, and show that
the calibrated joint model makes quantitative predictions
of conductivity evolution in many different experimental
flows of carbon black.
We use a fabric tensor to describe the structure of the
particle network in suspension. This concept was origi-
nally devised to describe the contact network in granular
materials [6, 7, 9]. The fabric tensor can be defined at
the particle level with the relation
AP =
Ncontacts∑
i=1
n(i) ⊗ n(i) (1)
where ⊗ denotes the dyadic product and n(i) the con-
tact unit normals. It is often illustrative to examine the
average fabric of a group of particles rather than the
particle-level information, i.e. A = 〈AP 〉P . This defi-
nition yields a number of useful properties. The trace of
AP is equal to the coordination number of contacts on a
particle. Consequently, trA represents the average coor-
dination number, Z, of a group of particles. Second, this
definition results in a symmetric, positive semi-definite
tensor. This is appealing, because these tensorial prop-
erties are shared by the conductivity tensor K.
In a previous numerical study [33], we modeled the con-
ductivity tensor of a particle network as a function of the
average fabric tensor A, by assuming the network could
be represented by a regular lattice of identical particles
with the same average fabric tensor. The fabric-lattice
relationship can be inverted to obtain a model for con-
ductivity as shown below in 3D:
K = k1
(trA− 2)2
det A
A. (2)
The above was validated for computer-generated random
sphere networks, but was never tested experimentally; a
byproduct of its usage in the current study is a de facto
experimental test and a check on its robustness for non-
spherical particles.
General Evolution Law: We set out to develop a con-
tinuum model to accurately characterize the evolution
of flowing particle networks indicated by the afore-
mentioned experiments. Although the fundamental
quantity—the particle network—is composed of discrete
units, we make a continuum approximation such that
quantities at a point represent local spatial averages, e.g.
velocity or fabric. This is a valid approximation since
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2typical applications of these particle networks are several
orders of magnitude larger than the constituents of the
networks.
We define the velocity gradient L = ∂v∂x , the strain-
rate tensor D = 12
(
L + LT
)
, and the spin tensor W =
1
2
(
L− LT ). We postulate a fabric evolution law of the
form A˙ = Ψ(A,L), where A˙ denotes the material time
derivative of A. In order for an evolution law such as
this to be indifferent under a change in an observer’s
frame of reference, the evolution law must be expressible
as A˙ = WA−AW + Ψˆ(A,D), where Ψˆ is an isotropic
function of the fabric tensor and the stretching tensor
[34]. A representation theorem for isotropic functions of
3×3 symmetric tensors [35] can be applied, allowing us
to write
A˙ + AW−WA = c11 + c2A + c3D + c4A2 + c5D2
+c6(AD + DA) + c7(A
2D + DA2)
+c8(AD
2 + D2A) + c9(A
2D2 + D2A2) (3)
In the above expression, ci = ci(IA,D), where the full
set of simultaneous invariants of A and D is IA,D =(∪α,β<3 trAαDβ) ∪ trA3 ∪ trD3. The left-hand side of
(3) is the co-rotational time derivative of A, or Jaumann
rate, given the symbol A˚. In general, the left-hand side
can be any objective time derivative of the tensor field;
all specializations atop the Lie derivative [36]. Without
loss of generality, we chose to use the co-rotational rate
of A for ease of modeling; other objective rates, such as
the contravariant or covariant time derivatives, do not
equal A˙ in a spin-free flow [37].
The general evolution law in (3) has a large number of
scalar functions that must be specified. For simplic-
ity, we neglect higher-order tensorial terms by setting
ci(IA,D) ≡ 0 for i ≥ 4. This leaves the quasi-linear form
A˚ = c11 + c2A + c3D. (4)
The task of modeling, therefore, is reduced to choosing
physically meaningful functions for c1, c2, and c3.
By examining the effect of each term on the evolution
of the fabric, some physical constraints must be satisfied
by the choice of the ci. First, the fabric will be positive,
isotropic, and unchanging after a long period of no flow;
anisotropy induced by flow must relax away over time.
This implies
c1(IA,D) > 0; c2(IA,D) < 0 ∀ A,D. (5)
If either of these constraints are violated, then the fabric
would either decay away to a non-positive isotropic state
or diverge.
Second, contacts are formed on the compressive axis of
shearing flow and broken on the extension axis (as exper-
imentally confirmed in Hoekstra et al.[30]). This gives us
the condition
c3(IA,D) < 0 ∀ A,D. (6)
Third, while the electrical conductivity decreases with
increasing shear rate, the conductivity never reaches zero
despite the fluid being a strong insulator [26]. Based on
the conductivity model assumption in (2), this implies
that trA remains above 2 at all times. This condition
implies
− c1
c2
>
2
3
∀ A,D. (7)
Finally, as the fabric is necessarily positive semi-definite,
the evolution law must guarantee this property is pre-
served. A sufficient condition for this, as derived in the
Supplemental Materials, is
c1
c3
≤ −
√
2
3
|D|. (8)
Numerical Experiments: To gain insight on the relax-
ation behavior of the fabric, characterized through c1 and
c2, we created a discrete particle aggregation code. In the
code, 100,000 particles are seeded into a periodic box at
a 1.5% volume fraction and allowed to diffuse. Particles
and clusters are assigned velocities such that the distance
that a cluster moves in a single time step is drawn from a
Gaussian distribution with variance D∆t, where D is the
diffusion coefficient, and ∆t is the simulation time step
length. As hit-and-stick behavior is typical in diffusion-
limited aggregation [38], all clusters in contact after a
step are deemed to stick, creating a larger cluster. As
clusters grow, the diffusion coefficient is adjusted accord-
ing to D = D0/N , where D0 is the diffusion coefficient
for a single particle, and N is the number of particles
in a cluster. Because clusters typically have a snake-like
shape, dominated by long strands of particles, this rela-
tion was chosen for its relation to the asymptotic solution
for the diffusion coefficient of a string of N particles [39].
The simulation results are shown in Fig 1, where Ass is
the steady-state fabric. After a brief startup period, the
deviation from steady state (trAss−trA) and time relate
through a power law
(trAss − trA) ∼ (t/∆t)−0.745 (9)
Form of evolution coefficients: Motivated by the power-
law decay of trA to steady state we have just determined,
we choose the following functional forms for the ci coef-
ficients:
c1 =
1
3
(
Z0
τ
(Z0 − trA)n + βZ∞ |D|
)
(10)
c2 = −
(
1
τ
(Z0 − trA)n + β |D|
)
(11)
c3 = α (12)
where Z0 = trAss (in the absence of flow), Z∞ = trAss
as |D| → ∞, τ is the time scale of thermal fabric re-
laxation, β reflects the network creation or disruption
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FIG. 1. Log-log plot of trAss − trA vs time shows power-
law nature of trA to steady state. Inset images show a typical
particle configure at a given point on the curve.
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FIG. 2. Device used to perform rheo-electric measurements.
due to non-affine flow perturbations, α is the initial rate
of anisotropy formation when started from an isotropic
state, and n characterizes the relaxation to the no-flow
steady state (see Fig 1). The above constraints imply the
following inequalities on these parameters: Z0, Z∞ > 2;
τ, β > 0 >
√
2/3α > −βZ∞/3. The value of n can be
predicted from the discrete simulation data by taking the
trace of Eq (4), setting L to 0, integrating to find trA as
a function of time, and relating the answer back to the
power-law in Eq 9. Using this, we find n = 1.34.
Experimental Methods: The system studied is a carbon
black suspension prepared in the absense of dispersant
by mixing carbon black particles in a light mineral oil.
Details of materials and preparation can be found in
the supplementary material. Simultaneous rheo-electric
measurements were performed using a custom device, de-
scribed in more detail in the supplementary material. A
schematic of the device used to perform the rheo-electric
measurements is shown in Fig 2.
Two sets of experiments were performed using the setup
described above. The first was a set of steady-state cur-
rent measurements taken at nominal shear rates in the
range Γ˙ = ωR/h ∈ [0, 300] s−1. At each shear rate, both
the current and stress were allowed to equilibrate before
the measurement was recorded to ensure that it had re-
laxed to its steady value. The shear rates were swept
in descending order to mitigate complications such as
shear-induced phase separation that arise at low shear
rates, below Γ˙ ∼ 20s−1 [40].
The second dataset was a collection of transient ramp
tests wherein current data was collected continuously for
the duration of the test. The ramp tests consisted of
5 minutes of nominal shear rate Γ˙ = Γ˙1, ramping lin-
early to Γ˙2 over duration tR, holding for 5 minutes, and
abruptly setting Γ˙ = 0, collecting data for 15 additional
minutes. Pre-shear at Γ˙ = 100s−1 was applied for 5
minutes before each test to ensure consistent initial con-
ditions.
The parameters Z0, Z∞, β, and α were fitted to the
steady-state current measurements using the fminunc
Matlab optimization routine, minimizing the squared dif-
ference between predicted and measured electrical cur-
rents. The τ parameter, which is primarily responsi-
ble for controlling the fabric’s relaxation time, was cho-
sen from the experimental dynamics of the ramp tests.
Lastly, the k1 parameter can be chosen to match the
steady-state current observed at Γ˙ = 0.
The predicted current is calculated by evaluating the in-
tegral
I(t) = 2pi
∫ R
0
Kzz(A(r, t)) · φ
h
r dr (13)
where Kzz is the component of conductivity perpendic-
ular to the plate, φ is the applied potential difference
across the plates, h is the plate separation, and R is the
plate radius. Note that the fabric tensor is a function of
radial position; each point along a radius is subjected to
a different shear rate due to the applied torsional motion,
and thus evolves differently.
The form of (13) can be modified slightly in order to
solve for the current at steady-state for a given nominal
shear rate Γ˙, by substituting A(r, t) with Ass(γ˙ = Γ˙r/R)
where Ass(γ˙) is the steady-state fabric tensor, whose
components are obtained algebraically from Eq 4 by
defining D and W to correspond to simple shearing at
γ˙ and setting A˙ = 0. A detailed outline of the fitting
procedure can be found in the supplementary material.
To simulate the electrical current for a transient test, the
evolution law must be directly integrated at each point
across the disk where the conductivity will be evaluated.
To do this, one must input the time-dependent nomi-
nal shear-rate Γ˙(t) from the experimental protocol. The
evolution law was numerically integrated using the 4th-
order Runge-Kutta method implemented in the Matlab
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FIG. 3. Top: Model fit of steady-state current measurements
at different nominal shear rates. Values are normalized by
static current measurement I0. Bottom: Evolution of Z =
trA in pure shearing under different shear rates, as predicted
by the model. (Left) Small |D| yields power-law approach
of Z to steady state; |Z − Z0| ∼ t−1/n as |D| → 0, dotted
line. (Right) Large |D| yields exponential approach to steady
state; log(Z − Z∞) ∼ − |D| t as |D| → ∞, dotted line.
function ode45. After the fabric is known for all time
at each point, (13) can be approximated directly using a
Riemann sum to give the predicted current as a function
of time.
Results: The power law index n was determined a priori
using the discrete simulation, and all others were found
using the fitting procedure described above. The param-
eters used to generate all of the following plots, which
satisfy all necessary constraints, are Z0 = 7, Z∞ = 2.41,
τ = 50 s, β = 0.009, α = −0.0089, n = 1.34, and
k1 = 0.0282 S/m.
The top of Fig 3 shows the steady-state current predicted
by the model compared to experimental data at various
shear rates. The results indicate the model does an ex-
cellent job predicting the steady-state current measure-
ments over the entire tested range of Γ˙. The bottom of
Fig 3 demonstrates the behavior of the model regarding
evolution of the coordination number from a common
starting value for various scalar strain-rates, |D|, in pure
shearing (same data is shown in both plots, but under
different axes definitions). Dotted lines show analytical
solutions in the limiting cases of |D| → 0 and |D| → ∞
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FIG. 4. Transient ramp experiments from (top) τ Γ˙1 = 2500
to τ Γ˙2 = 5000, and (bottom) τ Γ˙1 = 2500 to τ Γ˙2 = 10000
with ramp times tR/τ of 0.6, 1.2, and 6 (top to bottom). A
vertical offset of 0.2 has been added between successive curves
for clarity, with the y-axis correct as displayed for the bottom
curve. Current values are normalized by the static current
measurement I0.
respectively. The model’s prediction that Z exponen-
tially decays to its steady state in the shear-dominated
(|D|  (βτ)−1) limit agrees with previous simulations of
attractive fluid-particle systems [41].
The results in Fig 4 show the temporal evolution of the
current under imposed shearing normalized by the static
current measurement. The close agreement indicates
that the model is capable of making accurate, quanti-
tative predictions for the transient behavior of the nor-
malized current. The model and the data match closely
over the majority of the experiment, and the model re-
produces the final relaxation behavior correctly.
Discussion: We have demonstrated a model for the con-
ductivity of sheared suspensions, by linking conductivity
and flow to a common microstructural description. Al-
though the model parameters were obtained using con-
ductivity measurements, it is interesting to note the fol-
lowing points, which emphasize that the structure indeed
plays the assumed role: (i) the best-fit parameters ob-
tained from the calibration experiment obey constraints
implied by a particle structure (5-8), (ii) the parame-
ters predict a reasonable static coordination number for a
5particle system, and (iii) the structural evolution model,
on which the experimental agreement hinges, gives the
same asymptotic behaviors as those observed in suspen-
sion simulations. Conversely, our approach highlights the
possibility of using conductivity measurements to infer
discrete microstructural properties of systems, a notion
also suggested in [42]. It should be noted that a sim-
pler constitutive specialization of the ci functions using
n = 0 does not not capture the measured evolution of
conductivity well. A model using n = 0 predicts expo-
nential, rather than power-law, relaxation of fabric upon
cessation of flow. The resulting conductivity evolution
cannot predict the observed behavior shown in Fig 4.
The new model (2, 4, 10-12) can be applied as a quanti-
tative tool for designing systems of flowing, electrically-
active pariculate suspensions, for example in a semi-solid
flow battery architecture [23, 29, 43]. Because the shear-
induced conductivity loss can be strong even under mod-
erate shear rates, the ability to predict this component of
the performance envelope through a quantitative contin-
uum model should enable subsequent geometric and flow
protocol optimization.
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